Multiple-charge inversion is an essential procedure to convert the raw mobility distributions recorded by mobility particle size spectrometers, such as the DMPS or SMPS (differential or scanning mobility particle sizers), into true particle number size distributions. In this work, we present a fast and easy-to-implement multiple-charge inversion algorithm with sufficient precision for atmospheric conditions, but extended functionality. The algorithm can incorporate size distribution information from sensors that measure beyond the upper sizing limit of the mobility spectrometer, such as an aerodynamic particle sizer (APS) or an optical particle counter (OPC). This feature can considerably improve the multiple-charge inversion result in the upper size range of the mobility spectrometer, for example, when substantial numbers of coarse particles are present. The program also yields a continuous size distribution from both sensors as an output. The algorithm is able to calculate the propagation of measurement errors, such as those based on counting statistics, into on the final particle number size distribution. As an additional aspect, the algorithm can perform all inversion steps under the assumption of non-spherical particle shape, including constant or size-dependent shape factors.
Introduction
Mobility particle size spectrometers are widely used in aerosol science and have enjoyed broad application in both laboratory and field studies (Knutson and Whitby, 1975; Kousaka et al., 1985; McMurry, 2000) . Rather than a true particle number size distribution, they measure an electrical particle mobility distribution. Knowing the bipolar charge distribution (Wiedensohler, 1988) and the instrument responses of the differential mobility analyser (DMA) and the particle counter or condensation particle counter (CPC), it is possible to convey the electrical particle mobility distribution into the true particle number size distribution. This procedure has been called multiple-charge inversion (Alofs and Balakumar, 1982; Kandlikar and Ramachandran, 1999) . Surprisingly few publications are available that specify their algorithm in detail or the occupation of the matrix (e.g. Brunner, 2007) . Wiedensohler et al. (2012) highlighted the need to characterize the performance of multiple-charge inversion routines as part of an attempt to enhance the mutual comparability of worldwide atmospheric aerosol measurements. In their work, 12 contemporary multiple-charge inversion routines showed deviations of up to 5 % with respect to the resulting particle number concentration. The deviations were attributed, among others things, to different physical constants and charging probabilities used, different solutions to the matrix inversion problem, and different approaches of how to discretize, pre-process and post-process the data.
Only few of such inversion routines have been designed to handle size distribution information from multiple sensors. Some of our previous work highlighted, for example, the need to complement sub-micrometre mobility spectrometer information by additional super-micrometre size distribution measurements in specific atmospheric situations, such as dust plumes (Birmili et al., 2008; Schladitz et al., 2009) . A lack of super-micrometre size distribution information could then lead to a drastic overestimation of the particle number size distribution in the upper size range of the mobility spectrometer. In practice, the implementation of integrative inversion routines will closely depend on the type of available instrumental parameters. Fiebig et al. (2005) , for example, proposed an iterative method that is able to merge information from multiple size-selective instruments involving a differential mobility analyser. Last but not least, it might be of additional benefit for an inversion routine to be compact and be able to easily process raw data during real-time data acquisition, as well as large amounts of data during post-processing.
In this work, we present the theoretical framework of a new inversion algorithm that inverts electrical particle mobility distribution from a mobility particle size spectrometer in conjunction with data from an aerodynamic particle sizer (APS) or an optical particle counter (OPC). The algorithm is designed for a maximum speed, while trying to remain as accurate as possible with a minimum of assumptions. The framework allows for handling of non-spherical particles, with particle shape being represented either by a constant shape factor or a size-dependent shape factor profile. A key feature of the algorithm is that we attempted to keep an analytical solution of the multiple-charge inversion problem, thus avoiding numerical iteration, which is possible at the expense of some accuracy as well as noise reduction. This is a distinction, for example, from other algorithms that apply external constraints such as non-negativity and smoothness (e.g. Talukdar and Swihart, 2003) .
Due to the underlying strict system of linear equations, we are further able to compute how measurement errors, such as those based on counting statistics, propagate into the final particle number size distribution. The new capabilities of the algorithm are illustrated for two example cases.
Theory
The measured electrical particle mobility distribution (EPMD) f * can be written as a convolution integral of the real particle number size distribution (PNSD) f and the transfer function h with the electrical particle mobility Z as independent variable. 1
It is possible to calculate the PNSD from the measured EPMD by deconvolution. From the beginning, we abandon the attempt to find the direct analytic solution of the transfer function for a deconvolution. The measured EPMD is given at N discrete mobility sampling points, so the problem is transformed to a system of equations which is easy to solve:
Since we intend to consider non spherical particles in the algorithm, we employ the volume-equivalent particle diameter D pve as the size parameter.
However, the DMA selects particles according to their electrical mobility
where D pm is the mobility diameter and C C is the Cunningham correction factor. Often, the EPMD is already logged as particle mobility diameter for singly charged particles (Wiedensohler et al., 2012) . These grid points can be recalculated to volume-equivalent diameter using the transformation formula
where χ (D pve ) is the size-dependent aerodynamic shape factor, defined as the ratio of the drag of the arbitrarily shaped particle and the volume-equivalent sphere, in the Stokes regime. Examples of shape factors of real particles are provided, for example, in Hinds (1999, p. 52 ).
DMA transfer function
The transfer function g(Z, Z ) of particles through a DMA at the position Z can be simply described by a triangular function with the height α(Z) and the dimensionless half-width β(Z) or the dimensionless area A(Z) = α(Z)β(Z). The size dependency ensures a consideration of diffusional broadening of this transfer function (Birmili et al., 1997) . Ignoring multiply charged particles, as well as the counting efficiency of the CPC, the concentration downstream the DMA is given by the integral
while the transfer function (see Fig. 1 ) is given by Knutson and Whitby (1975) :
In the case of an almost constant true PNSD, slowly varying with Z , in the range of (1 − β)Z and (1 + β)Z, the convolution can be approximated 
. With a conversion factor C i (see Appendix A) we obtain the same approximation for the common unit dc/dlogD. Considering also the CPC counting efficiency E C , we can find an expression for the DMA transfer function using this approximation:
where δ is the Dirac delta function. It should be mentioned that, under conditions of atmospheric aerosol particles, the approximation is adequate due to weak variations of the PNSD in the range of the transfer function. For narrow particle size distributions, such as those generated in the laboratory, this approximation is expected to be invalid. For such conditions, it is necessary to consider also the real shape of the transfer function.
Charging probability and transfer function of multiply charged particles
As already mentioned, we employ the volume-equivalent particle diameter D pve as the size parameter. However, previous studies have shown that the bipolar diffusion charging for moderate non-spherical particles is similar to a sphere with the same mobility (Rogak and Flagan, 1992 ). Hence we use the mobility equivalent diameter D pm as the size input to calculate the probability of multiply charged particles in a bipolar charge equilibrium. For strong non-spherical particles, for example particles with large aspect ratios, this approach seems to be invalid (Ku et al., 2011) . Table 1 . Fit parameter for specific charge of the fifth-degree polynomial approximation of Wiedensohler (1988) . For singly and doubly charged particles smaller than 1 µm, we use the analytical approximation formula given by Wiedensohler (1988) :
where a i (n) are the fit parameters of the fifth-degree polynomial approximation (see Table 1 ). For larger particles or more highly charged particles we use the charge probability distribution by Gunn (1955) :
The measured EPMD is influenced by multiple charges; that is, for a given mobility diameter a mobility particle size spectrometer detects not only singly charged particles with the electrical mobility Z but also larger, multiply charged particles with the same electrical mobility Z/n (n = 2, 3, . . .), where Z is the electrical mobility for singly charged particles, and also in the following sections.
Using Eqs. (8) and (9) we calculate the probability of specific multiple charges p(D pve , n). The transfer function to consider multiple charges h cha is
(10)
Resulting system of equations
The total transfer function h is the convolution of the DMA transfer function (Eq. 7) with the transfer function for 
Let E be the value of efficiency by combining the probability of multiply charged particles and the DMA efficiency inclusive the conversion factor with
As an example, in Appendix C, one can see the simple modification of the efficiency E in the case of using a cloud condensation nuclei counter (CCNC) instead of a CPC. Finally, we obtain an equation for the measured electrical particle mobility distribution at Z as a function of the real PNSD:
As previously mentioned, the measured EPMD is given in N discrete mobility sampling points, where
By using linear interpolation, given in Appendix B, we obtain
The sampling points of the real PNSD should be identical to those of the measured EPMD. With this approach we are as close as possible to the actual information content of the measurement without additional assumptions. Thus we found a system of equations for the multiply charge inversion with the entries of matrix A:
Because the number and position of the sampling points of the inverted PNSD and the measured EPMD should be identical, the matrix A is quadratic. Furthermore, due to i > j ⇒ a ij = 0, it is an upper triangular matrix, or a less occupied upper triangular matrix, which is easy to solve with a unique solution, e.g. using a simple Gauss-Jordan algorithm. Let L be the inverse of A. Finally, we obtain the solution as a system of equations:
Enhanced inversion
Under specific atmospheric conditions, particles outside of the measurement range of the mobility particle size spectrometer might influence the results of the multiple-charge Atmos. Meas. Tech., 7, 95-105, 2014 www.atmos-meas-tech.net/7/95/2014/ inversion. One example is the presence of significant numbers of coarse particles above the uppermost diameter channel of the mobility particle size spectrometer. The reason is that multiply charged particles of that population will appear as particle counts that are superimposed onto the signal of particles with low charge (single and double) in the nominal mobility particle size spectrometer range. Disturbances could only completely be avoided if a mobility spectrometer were able to measure the PNSD across the entire range until the concentration reaches zero at the upper end. Due to technical reasons, however, the range of a mobility particle size spectrometer cannot be extended far beyond 1-2 µm. In practice, the range of common mobility particle size spectrometers employed in atmospheric measurements terminates between 500 and 900 nm.
One approach has been to extrapolate the measured electrical particle mobility distribution into larger diameters (Brunner, 2007) . This might be appropriate in the case of a continuously decreasing number concentration towards larger particles, but usually not when a significant coarse particle mode is present. Therefore, information on larger particles is needed, for example, using an aerodynamic particle sizer (APS) or an optical particle counter (OPC). Schladitz et al. (2009) first proposed the approach of correcting the measured EPMD for the effect of multiple charges prior to the actual inversion. We now present an implementation of this idea into the present inversion algorithm.
The real PNSD can be assumed to be a composition of a PNSD f m with N sampling points, measured with a mobility particle size spectrometer, and an additional PNSD (volumeequivalent diameter) f a (in the following referred to as aP-NSD), e.g. measured with an optical or aerodynamic particle size spectrometer, with M sampling points.
The additional indices m and a are added to indicate that the sampling points belong to the mobility particle size spectrometer or the aPNSD. In accordance with Eq. (14) one can calculate the measured EPMD for the first N sampling points, while the results for the aPNSD should be untouched by this algorithm:
In case there is an overlap of the sampling points of both PNSDs, the function of the combined PNSD can be written as
In this case, the function values of the mobility particle size spectrometers are used as long as the multiply charged particles are in the detection range, or in other words, in the overlap range, we use the data of mobility particle spectrometer. 2 It is important to assign it to the one or the other PNSD or a weighted value between both. If it is assigned completely to both, it would be overvalued and considered wrongly twice. This overlap is useful as an indicator. If the enhanced algorithm and the measurements are correct, the inverted PNSD of the mobility particle spectrometer and the aPNSD of the optical or aerodynamic particle size spectrometer fit together. The resulting matrix consists of four sub-parts:
Under these conditions, there should be an overlap range and in this range the mobility particle size spectrometer data should be used; the first part a I ij is identical to Eq. (16), describing the interaction of the multiple charges of the PNSD with itself.
The second part a II ij describes the interaction of multiply charged particles of the aPNSD and the PNSD measured with the mobility particle size spectrometer:
Generally, due to the side condition for the overlap size range, the first entries of a II ij are empty (see Fig. 5b ). The last two parts are added to complete the rank of the matrix. Because the PNSD of the mobility particle size spectrometer has no effect on the aPNSD, a III ij is a zero matrix: Fig. 4a : Example of the error propagation of a mobility particle size spectrometer PNSD, Hohenpeissenberg, 23.02.12, one-hour average 0:00 -1:00, EPMD (black) in plain concentration (secondary y-axis) and PNSD (red). The fictive relative error of the results increases for sampling points influenced by multiple charge correction from 10% to 15% 
More precisely, as already mentioned, the aPNSD should be untouched, so a IV ij is an identity matrix: 
By inserting the conditions to obtain the full rank, the matrix is
As the enhanced multiple-charge matrix is a sparsely occupied upper triangular matrix, we are able to solve
However, the solution for the inverted PNSD is located in the first N entries of the vector f .
Error propagation
An important thing to investigate is the error propagation by using an inversion algorithm. As an assumption, let the measured EPMD be influenced by an error due to counting statistics of the condensation particle counter (CPC). Thus the values of the measured and inverted distributions can be interpreted as random variables. The expectation value of a linear transformation Y of a random variable X is given by:
Additionally, the sum of n random variables X i is given by:
As a result for the expectation value of the inverted PNSD we obtain
(32)
The variance of the linear transformation is given by:
In contrast to the expectation value, for the variance of the sum of n random variables X i , the condition that the random variables are pairwise uncorrelated is required, i.e. statistically independent. According to the Bienaymé formula, the variance is given by:
Var (X i ) .
Finally, for the variance of the inverted PNSD we obtain
where L var is a matrix occupied by the squared entries of L.
A similar expression exists for the resulting variance of the ith sampling point, under the assumption that the random variables are correlated:
where Cov(f * j , f * k ) is the covariance of the j th and kth sampling point of the EPMD.
These aspects are valid either for the conventional or the enhanced inversion. 
Results
We devised a system of equations that directly transforms the measured EPMD to the real PNSD. This means an improvement in many respects.
1. The presented method preserves the original size bins of the measured electrical particle mobility distribution. This avoids unnecessary interpolations of the data into new size bins and the typically associated changes in the originally measured information. Fig. 5a : Visualization of the multiple charge matrix using only mobility particle size spectrometer data. Fig. 5a . Visualization of the multiple-charge matrix using only mobility particle size spectrometer data.
3. The algorithm can easily incorporate information from additional sensors measuring particles outside of the nominal measurement range of the particle mobility size spectrometer.
4. Because the inversion reduces to linear matrix multiplication, computation of the effects of error propagation is straightforward (see Sect. 2.5).
5.
The algorithm can handle all procedures using a constant or size-dependent aerodynamic shape factor.
Validation of sub-micrometre EPMD inversion
We compared this inversion routine with many other inversion routines within the framework of technical harmonization of particle mobility size spectrometry (Wiedensohler et al., 2012) . Figure 2 visualizes the bias of our inversion routine against seven other contemporary inversion routines on the basis of an inversion of the same sub-micrometre EPMD.
It can be seen that the different methods agree within a relative deviation of 5 % for a wide particle size range. Larger deviations were explained by differing interpolation methods.
Inversion of a wide size distribution combining SMPS and APS data
As already mentioned, particles outside of the measurement range of the mobility particle size spectrometer might affect the results of the sub-micrometre multiple-charge inversion. In Fig. 3a , we illustrate the benefits of a multiple-charge inversion combining information from multiple sizing instruments, involving SMPS and APS, for the case of an atmospheric dust storm event in Morocco (Schladitz et al., 2009 ). Fig. 5b : Visualization of the multiple charge matrix for the enhanced case. The first quadrant corresponds to the matrix entries shown in Fig. 5a . The second quadrant describes the charge correction of the EPMD of the mobility particle size spectrometer with information from additional sensors such as an APS or OPC. The gap for the first entries of the second quadrant is due to the finite overlap of both sizing sensors. 5b . Visualization of the multiple-charge matrix for the enhanced case. The first quadrant corresponds to the matrix entries shown in Fig. 5a . The second quadrant describes the charge correction of the EPMD of the mobility particle size spectrometer with information from additional sensors such as an APS or OPC. The gap for the first entries of the second quadrant is due to the finite overlap of both sizing sensors. Figure 3b shows a bimodal shape of the EPMD, with number concentration maxima around 80 and 300 nm. It is worth noting that in the uppermost SMPS sampling channel (corresponding to singly charged particles of 570 nm), the EPMD drops to just half of the maximum value of the EPMD. At the same time, the APS size distributions reveals the presence of a significant coarse particle mode with a volume-equivalent modal diameter around 700 nm. A multiple-charge inversion restricted to SMPS data will only necessarily need to interpret particle counts in the uppermost SMPS channel as singly charged particles. As can be seen in Fig. 3a , such an inversion causes an artificial depression in the final size distribution around 50-150 nm as a result of applying the multiple-charge inversion matrix. Also, the particle number size distribution at the upper tail of the distribution is heavily overestimated.
The quantitative consideration of the available APS data reveals that the particle counts in the uppermost SMPS channels in fact contain numerous multiple charges of particles beyond the SMPS measurement range. As can be seen in Fig. 3a , the enhanced inversion algorithm combining the information of both sensors successfully accounts for this effect, and yields a bimodal particle number size distribution involving a fine and a coarse particle mode that is both rather continuous and physically plausible. The particular result of the enhanced inversion algorithm depends on the specific assumptions regarding the aerodynamic particle shape factor and particle density. For the case shown in Fig. 3 we employed a coarse particle shape factor of 1.1 and a gravimetric density of 2.8 g cm −3 , which are realistic values for mineral Atmos . Meas. Tech., 7, 95-105, 2014 www.atmos-meas-tech.net/7/95/2014/ dust based on the results of previous field studies (Schladitz et al., 2009 ).
Error propagation
The propagation of possible measurement errors from the EPMD into the final PNSD is illustrated in Fig. 4a and 4b . The basis is a 1 h average of ambient EPMD at the rural observation site Hohenpeissenberg, Germany. In Fig. 4a , we assume a fictive relative uncertainty (standard deviation) of 10 % of particle number concentration measured in each channel of the EPMD. The error bars show the 95 % confidence interval under the assumption of a lognormal-distributed random variable. Particles smaller than 20 nm are only influenced by singly charged particles; therefore the relative standard deviation is identical to the measured data. In the range from 20 to 600 nm an increase of the error of the inverted PNSD is noticeable. In this case, the error cumulates up to 15 %. Sampling points larger than 600 nm are also influenced by multiple charges, and one would expect also an increase of the error, but these multiply charged particles are outside of the detection range of the mobility particle size spectrometer. From this it follows that the relative standard deviation is identical to the measured values.
The same effect occurs when analysing the Poisson statistics based on experimental particle number counts for each raw concentration channel (see Fig. 4b ), but not as significantly. The underlying reason is that the size range, influenced by multiply charged particles, exhibits the smallest errors, 1.3 % at minimum.
The idea of the analytical error propagation is expandable in the case of correlated sampling points. Errors or uncertainties for the diameters or the x values of the sampling points will influence the matrix elements. Therefore, it cannot be analysed in the same way. To investigate this effect, Monte Carlo simulations must be used further on.
Suggested improvements and extensions
Although the given algorithm represents a flexible tool, we see room for future improvements. A first issue would be the use of a uniform theory for the charging probability across the complete particle size range, especially for the enhanced inversion. A candidate would be the theory of Fuchs (1963) .
The interpolations leading to Eq. (15) (Sect. 2.3) could be achieved by higher polynomial interpolation methods, possibly spline interpolation, rather than by linear interpolation.
However, it must be noted that these methods have their own disadvantages, as they need proper initial and boundary conditions and might also lead to artificial overshooting and therefore to an amplification of noise. For a dense grid of sampling points the gain of accuracy does not seem to be in proportion to the numerical effort.
An issue that is in principle relevant is the true deconvolution of the DMA transfer function, whose finite width is ignored by the present version of the algorithm. Moreover, the width, area and shape of the DMA transfer function usually depend on particle size, especially for the highly diffusive particles in the lower range of mobility particle size spectrometers (Flagan, 1999) . It is possible to calculate the analytic solution of convolution, or the integral, of a triangular or bell-shaped transfer function, especially under the assumption of a linearly interpolated PNSD, and then determine the occupation of the matrix. Implementing such features would make this algorithm usable for very narrow PNSD and possibly improve the results for the smaller diameter range. It needs to be mentioned, however, that the transfer matrix would become a band matrix with entries on both sides on the main diagonal. The solution of such an inversion is more sensitive to variations in the input data and leads to an amplification of experimental noise. To avoid such a behaviour, numerically more demanding algorithms using smoothing constrains would be required (e.g. Talukdar and Swihart, 2003) . The actual advantages of our algorithm -minimum resource consumption and high computational speed at an acceptable accuracy for atmospheric measurements including error propagation calculations -would be diminished.
Conclusions
We have presented the mathematical description of a multiple-charge inversion algorithm for mobility particle size spectrometers which is based on a forward transformation of the particle number size distribution (PNSD). The algorithm is based on very few approximations and interpolations, suggesting a number of advantages. Avoiding the interpolation of electrical particle mobility distributions (EPMD) onto a new grid helps to conserve the original experimental information. Due to the strict linear nature of the system of equations, the algorithm is extremely fast. Importantly, we encountered no serious deviations to previous inversion routines due to these simplifications. Furthermore, the algorithm is able to balance a signal caused by multiply charged particles outside the nominal measurement range of a mobility particle size spectrometers by using additional information collected with optical or aerodynamic particle size spectrometers. This extended functionality was shown to be particularly relevant in atmospheres with numerous coarse particles, which could be resuspended mineral dust or sea spray particles.
Finally, because of this strict linear dependency, it is possible to calculate the error propagation, due to, for example, instrumental uncertainty or counting statistics in the inverted particle number size distribution. This is a frequently ignored aspect, but appears necessary to give the final particle number size distribution a statistical confidence and precision.
All aspects of the algorithm are applicable for nonspherical particles, with non-sphericity being handled through an aerodynamic particle shape factor that transforms mobility equivalent into volume-equivalent diameters. This issue is particularly relevant for the enhanced inversion using information on super-micrometre dust particles.
Appendix A

Conversion of number size distribution
Transformation of dn/dlnZ to dn/dlogD (dn/dlogD pve ): dn dlogD pve = ln(10)
where Z = n q e 3π η C c (D pve ) χ (D pve ) D pve .
Let C be the conversion factor for the density transformation:
or the inverse C i (D pve ) = C(D pve ) −1 , and as a result dn dlnZ = C i (D pve ) dn dlogD pve .
(A4)
where f C is the real PNSD of the activated particles and f * C is the measured EPMD when using a CCNC instead of a CPC.
